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1. INTRODUCTION

_-The problems of external flows around aircraft, internal flows
inside propulsion units and also related problems like structural designs
all require more and more accurate solutions while incorporating state of
the art features involving more and more complex geometries and loadings.
This is steadily becoming beyond the reach of analytical solution methods
and thus necessitates the use of new computational methods. One of these
is the Finite Element Method.

The Finite Element Method was initially developed and used by
Zienkiewicz 1li] for elasticity problems and is at the height of its
development at the time of writing. The method is being studied theore-
tically as well as being applied to a broader and broader range of problems;
its applications are found in solid mechanics, fluid mechanics, electro-
magnetics, etc..-A reasonably short coverage of the method can be found in
the book by Fenner [3).

The FORTRAN programs given at the end of this Memo have been
written as an application of the Finite Element Method to a basic fluid
flow problem, namely the incompressible, low Reynolds number flow about an
aerofoil. A substantial part of these programs deals with the automatic
generation and efficient plotting of the grids surrounding a Joukowski
aerofoil.

The work reported here initiates an activity which, it is hoped,
will eventually lead to a capability for aerodynamic estimation beyond
that currently possible with analytical or eimpirical methods.

2. THEORETICAL BACKGROUND

The Finite Element Method is a method applicable to linear
problems, initially developed for elasticity whereby nodal displacements
in a continuum are solved for a given system of nodal forces provided
these odal forces are known for every individual mode of nodal
displacement. In other words the method sets up a large system of
equations, with displacements di's as unknowns, forces f 's as the given
constants on the right hand side of the equations, and the coefficients
ali'S of the unknowrs are written down from the knowledge of nodal forces
resulting from each individual nodal displacement.

Our large system of equations thus takes the form:

alld 1  a 1 2 d 2 + .... ... andn f

a 2 1d 1 + a 2 2 d 2 +.... .. + &2n - f2

(1)

%;dI  %22 + ..... d% -f.

. . .. tt • II I II
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where :_ are the forces generated by the unit displacement d while other
displacements are kept to zero. A high speed computer is then used to
solve this system of equations when the f -s are given. The above system
is of the banded type due to the process of forming discrete elements to
represent the continuum. For the individual displacement of each node the
resulting non-zero nodal forces only exist at its immediate neighbour nodes,
each of which must share at least one co-mn element with the node
considered. The problem of boundary conditions where displacements instead
of forces are given on some boundary nodes is easily dealt with by
replacing the force equations for these nodes with the simpler displacement
equations which have the known values of displacements on the right hand
sides and the nodal displacements on the left hand sides. A special
method is then used to solve this banded system; considerable saving in
computation is the direct result of the purposely designed banded character
of the system.

This Finite Element Method is readily adapted to the problem of
Stokes flow where the above displacements are replaced by fluid velocities
at every occurrence (see [3], p. 16). The only remaining problem is the
introduction of inertial forces as a kind of perturbation to the viscous
forces, thus retaining the linear character of the problem.

The central problem in any Finite Element Method program is its
efficiency and stability. The program given at the end of this Memo are
used in evaluating these two aspects for a certain number of different
schemes available.

A substantial part of the programs given at the end of this Meno
deal with the automatic generation of a grid of triangular elements around
a Joukovski aerofoil. The grid is generated by wrapping an initial
rectangular mesh consisting of triangular elements around a circular
cylinder, this is followed by a conformal transformation to modify the
cylinder into an aerofoil section. Provisions are made for varying the
chord, camber, thickness of the aerofoil as well as its angle of attack.
The nodal distribution can also be varied to put more nodes in the boundary
layer than in the far field uniform flow.

In generating the mesh the numbering of the nodes affects the
bandwidth of the system of equations to be solved. However this should
not alter the computation speed of the subroutines for solving the
equations. The grid with triangular elements can surround each of its
nodes by the least number of six adjacent nodes, hence its use is advanta-
geous in reducing the bandwidth of the system of equations.

The coordinate tranformation process can sometimes invert a
finite sized element, i.e. change its oriented boundary into the oposite
direction. This can be avoided by reducing the size of the local elements
and by checking the sign of the area of every element after each coordinate
transformation.
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3. DESCRIPTION OF THE PROGRAMS

Program FEN sets up the grid geometry through the subroutines
NRSH3, IDFY3, NODFY4, ELAREA and then follows the standard finite
element method described in Section 2. The matrix [a I is set up by
the subroutine STIFF with the boundary conditions cateed for by sub-
routine BCS. The system of equations is then solved by subroutine ELIKIN.
The solution velocities are then used to calculate the inertial forces
in hUR and modify the nodal values of forces in the next iteration for
a more accurate solution of velocities. outputs are through subroutine
NSHOUT, FENDUT, OUTPUT and SOLPLT.

Some features of these programs are:

- Since the program FEN originated from an elasticity problem
it is necessary to set the Poisson ratio v to 0.49 to simulate an
incompressible flow. If this value of v is set to 0.5 exactly the system
has a number of infinite coefficients unless the problem is reformulated
with one third of the equations, which are redundant, removed. Here the
approximate value v - 0.49 is used to avoid the complication (see [3),
p. 154).

- Subroutines STIFF and ELIIUN are for fully populated matrices.
They are used here only for quick production of early results and have

been replaced in subsequent work by those more suitable for banded matrices
which require much less computer memory and time.

- A seam line is generated at the trailing line of the
aerofoil by the MSH, lDDFY3, lDCF!4 subroutines to put a number of nodes
there.

- In plotting the grid, two nodes of any side of an elenent
are joined if their ordinal number increases in the anticlockwise
direction around the element. This process makes the plotting cosputation
linearly proportional to the numer of elements (hence nodes) and avoids
plotting any line twice.

- Although the numbering of elements and nodes does not affect
the speed of the solution routines it does affect the speed of plotting
the grid.

4. RESULTS

Figure 1 is the basic rectangular grid consisting of triangular
elemnts. The nmbering scbin for the l7leents and 105 nodes is self-
evident. This whole grid is them vragped around a circle, as in Figure
2, with a scaling effect to put more nodes near to the inside. The grid
then undergoes a Joakovski transformation with circulation added to
bec the grid in Figure 3. The Finite Element Nothod is then applied
to the flow field using this grid. The resulting velocity field for a
Reynolds number of 1.2 (based on wing chord) is plotted in Figure 4.
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The results so obtained are as expected and improvements on

the method are under study.
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PROGRAM FEM

C PROGRAM FOR FINITE ELEMENT ANALYIS OF IUO-DZNENSZONAL FLOU
C ABOUT A JOUKOUSKI AEROFOIL, USING CONSTANT STRAIN TRIANGULAR
C ELEMENTS.

DIMENSION XSOL(300)

REAL NU

CONMUN /CMESH/ NELHNPX(150),V(15u),AI(270),AJ(270),
* AK(270),Br(270,DJ(2701,3K(2TO),AREA270),NPZ1270),
* NPJ(270),NPK(270),NOUT,QLTY(270)
* /CnPAR/ NXPT,olT,A,b

/CSTIF/ SSTIFF(300,300),Nfb,(50),NPB2(5O),U(150),V(150),
* FX(150),FY(tSO),NDP1,NIP2
* /CMATL/ RO

DATA NROU,NCOL/300,300/

c 6ENERATE MESH DATA.
TYPE 10

10 FORMAT(' INPUT THE NUMBERS OF POINTS ALONG THE X AND Y AXES,',/,
. RESPECTIVELY, ALSO THE MESH DATA OUTPUT CONTROL PARAMETER',/,
• (0 IF NO MESH DATA TO BE PRINTED OUT, I IF ALL MESH DATA TO ',/,

B DE PRINTED OUT):(31)l)
CALL NESH3
CALL MOIFY3

C CALL MODFY4

C COuPUTE THE ELEMENT GEOHETRIES.

CALL EL44A

C OUTPUT THE MESH DATA.

CALL PSHOUT

C PLOT THE MESH.
CALL fiPLOT2

C SET INITIAL VALUES OF STIFidESSES, EXTERNAL FORCES, AND
C VELOCITIES.

30 4 lIz,2*NNP
30 4 J'1,2*NNP

4 SSTZFFIZ,J)'O.
30 5 lIa,NNP
FX(I)=O.
FY(I)*O.
U(I)'O.

5 U(I) O.

C ASSEMBLE THE 6LOBAL STIFFNESS MATRIX.
CALL STIFF
OPEN(UNIIta9,F!1L'SST1FF.TMP',NDDE,'3IMARY')
URITE (9) SbrIFF
LL~iaikuNlTs9)

c OUIPUT THE SIIFFNESb MATRIX.
CALL SfUUT

C INPUT DENSITY, NO.
TYPE 66

66 FORMAT(' INPUT THE DENSITY, RO:(F)')
ACCEPT 67,k

67 FORMAT(F,
Iq



OPE*(UNIT=3,FILEulFENOUT.DATl)
URITE(3,23)

23 FORMAWC SOLUTION TO FEN PROGRAM')
CLOSE(UNIT=3)

C SET UP ITERATIVE SOLUTION DO LOOP.
* DO 71 Lzl,3

C CALCULATE INERTIAL FORCE PER ELEMENT, AND DISTRIBUTE AMONGST THE
C ELEnEkTAL NODES.

OPEN(UNITa9,FILE.'SSTIFF.TI-,nODE:'DINARY
REAba (9) SSTIFF
CLOSE(UNITz9)
CALL INERT

L APPLY THE DOUNDARY CONDITIONS.
CALL ICS
Do VO Iz1,NDPI#NDP2
IF(I.LE.NBP1) N:NPB1CI)
IF(I.6T.NbP1 )N:NPD2(I-N3P1 )
FX(N)uU(N)
FY(M)zV(N)
00 90 ICOLsm,2eNNP
SSTIFF(2*N-1 ,ICOL)=0.

80 SSTIFF(209,ICOL)-O.
SSTIFF(2sN-1,2*N-1 )z1.
SSTIFF(2*01,2*N)zl.

90 CONTINUE
DO 21 Ixl,NNP
SSTIFF(2e1-I ,2sNNP+I 1=FX(l)
SSTIFF(201,24NNP,1)EFYUl)

C SOLVE THE STSILM Of EQUATiuna.
!EGN&2.NNP
TYPE 25,tREQN

25 FORMABc ENTERING ELIftIN',, MEGN,16)
CALL ELIMIN(SSTIFF,XSOL.NEIN,NROH,NCOL,DET,ANEAN)

C OUTPUT THE SOLUTION.
to 36 IsI,NNP
U(I)uXSOL(2*1-1)

36 V(I)*XSOL(2.I)
CALL FEMOUT
CALL OUTPUT

71 CONTINUE

OPEN(UNITw9,FILEw'SSTIFF.TMPl)
CLOSE(UNITa9,DISPOSE&'DELETE')

C PLOT THE VELOCITIES.
CALL SOLPIT
END
SUbi6uTINE ftEbHj

L SUbPR46RAM TO READ OR GENERATE A NESH OF TRIAWILAR FINITE
L ELEMENTS. USEP IN CONJUNCILON 111TH NO~ff3, THIS VERSION
U SENERAIES A CIRCULAR MEsH or MAINLY ISOSCELES TRIANGULAR
C ELEMENTS. NODES ARE NMBERED 1N CONTINUOUS RINGS, AND ELEMENTS
U ARE MURDERED IN COMPLETE ROUS, I.E. UPRIGHT AND INVERTED
C TRIANGULAR ELEMENTS CONSIDERED ALTERNATEL..

COMMON /CMESH/ NEL,NMP,1(15O),fl15O),AI(270),AJ%270).
*Ai(270,DJ(20),DJ(270l,DE(27),AREA(270),NPI(270,,
*NPJ'j4,'g ,NPK(270,MOUT,QLTYC270)

*/CMPAR/ NXPT,NYPT,A,b



c INPUT THE NURDERS OF POINTS ALONG THE X ,eWD V AXES, ALSO THE
C MESH DATA OUTPUT CONTROL PARAMETER.

ACCEPT 51, NXPI,NYP7,MOUT
51 FORMAT(3I)

C COMPUTL AND TEST THE NUMBERS OF NODES AND ELEMENTS.
MODNYmMOD( NYPT, 2)
IF(RODNY.EG.O) NNPaNYPT*(20NXPT-t )/2
IF(AODNY.EG.1) NNP:z(NYPT-1 1*(2SNXPT-1 )/24NXPT-1
NEL=(NYP7-1 )#2*NAPi-1)
IF(NNP.LE.150.AND.NEL.LE.270) SO 7O 1
TYPE 61, MMP,NEL

61 FORRAh3OHOEXCESSI/E SIZE OF MESH, NNP 8,15,8H, MEL s,15)
STOP

C DEFINE THE NODAL POINT COORDINATES.
I 1=0

80 3 lY1l,NYPT
MODIY=NOD(IY,2)
DO 2 IXxl,NXPT-1
IC141
X(I)=FLOAT(IX-1 )IFLOAT(MXPT-1 )
Y(I)=FLOAT(IY-1 )/FLOAT(NYPT-I)

2 IF(MODIY.EQ.O.AND.IX.ST.1) X(I)=X(I)-0.5/FLOAT(NXPT-1)
IF(MODIY.EG.lI 60 TO 3

Y(I)=Yl-0./1 O I XTJ

3 CONTINUE

C WEINE IHE *ORDERS OF IRE THREE NODES OF EACH ELEIIENI.

NfEL*NYPT-1
30 4 1Y*1,NYEL
NXEL=aPT-i
IF(NGD(IY,2).Eg.0) NXELxNXPI
30 4 IXsl,NXEL
NOW+

C NNEV REPLACES R AS THE NUMBER OF THE ELEMENT
NNE~u2*M
IPI(MNEU)zm
NPJ(KNE4J)sNPI(MNEU).t
NPK(MNEII)aNPI(MNEU)+NXPT
IF( IX.EI.NXEL)NPJ(NNEU)xNPj(MNEU)-NXEL

4 IF(IX.EO.NXPT)NPK(MNEU)NPKINEii)-NXF'1+1

DO 5 1Yx1,NYEL

IF(MOD(IY,2).EG.O) NXELuNXPT-1
30 5 IXu1,NXEL

c KNE4 REPLACLS A oS !HE NUMBER OF THE ELEMENT
MM4

MNEVz(Il-M1 1*2-1
NPI(h0EU)u(NNEUl 1/2
NPJCMNEV)sNPI (hiEW)+NXPT
NPk(ftNEU)aNPI (INEV)+fXPT-1
IF(IX.EO.NXPT)NPI(NNEV)aNPItMNEU)-NXEL4I

5 IF(!X.ED.NXEL)NPJ(MNEV~aNPJ~omiEV)-NELL

RE IURN
END

SUIROUTINE MOIFY3



C SUBPROGRAM TO MODIFY A MESH TO SUIT A PARTICULAR PROBLEM.
C THIS VILRSION ADAPTS A SQUARE MESH 10 A CIRCULAR fC (kII.

COMMON /CMESH/ NEL,NNP,X(150),YH150),AI(270),AJ(270),
*AK(270O,DliQ,J(270O,BK(27O),AREA(270),NPI(270),
*NPJ(2?O,NPK(270,iOUi,QLlit270)

I CHPARi, NXPT,NYPT,A,b

c INPUT THE 5LALE FACTOR AND THE MESH DIMENSIONS.
TYPE 41

41 FORMAT(' INPUT THE SCALE FACTOR AND THE MESH DlAENSIONS:C3F)')
ACCEPT 51,S,A,b

51 FORMAT(3F)

C TEST FOR ACCEPTABLE BASIC MESH.
IF(MOD(NXPT,8).EI.AND.MDH(YPT,2).EQ.1) 60 TO 1
TYPE 61

61 FORMAT(' MESH UNSUITABLE FOR PRESENT MODIFICATION')
STOP

C PERFORM FIRST MODIFICATION OF COORDINATES.
1 120

HRu AL 06 (S)*(NY PT-1i
DO 2 i-1,mNP
CzY(I).ALOS(S)*(NYPT-l I

Y(I)SC
2 CONTINUE

C PERFORM SECOND MODIFICATION 10 INTRUDUCE CURVAIURE.
PIu4.*ATAN(1.)
50 3 I.1,NNP

PRIaX!! )*2.0*PI
X(I)zR*COS(PHI )+0.5*B

3 YfJ)=-RSSIN(PH4I)+O.5*B

C MODIFY COORDINATES OF POINTS NEXT TO THE END POINTS OF THE
C OUTERMOST CIRCUMFERENTIAL RON.

I1&*P-NXPT#3-(NXPT-l 1/4
11 2NNP-NXPT4 I
DO It 1(31,4
A16%PI/4.-FLOAI(KJ.PI/2.
Rk.1mbwR1(2. 1*LOS(ARBI
RK2zSQRT(2. )*SIN(ARG)
I1*11+(NXPI-1 1/4
l2mI2+(NXPT-l 1/4
ITEHP*I1

12%ITLOP
XU1 )ul/2.e(I.+RKi)
YU12)*B/2.*(I .*RK2)

it CONTINUE
IF(NXPT.E0.9)GOTO 22

1NNF-MXPT+3-(NXPT-1 1/4
12a*NP-NXPTI
10 2; K*1,4
4,BUPI/4.-FLOAT(N).P/2.
RKImSIRT(2. *COS(ARB)

12*I2+(NXPT-I 1/4



L. DEFIN. Am ' TEST AEV TOTAL NUMBERS OF NODES AND ELEMNT51.

NNPmNNP*(MAPT-l )/4+1-2
MoNEL
NELmNEL+2*( (NXPT-1 )/441 )-6

* IF(NNP.LE.130.A#D.NEL.LE.270, 6O TO 4
TYPE 62,NNP,NEL

62 FORMAWe EXCESSIVE SIZE OF MESH, NN? ,J, NEL 2,13)
STOP

C DEFINE THE COORDINATES OF THE ADDITIONAL NODES.
4 IXMAXaCNXPT-t)/441-3

10 6 IXwl,IXNAX
1U'41

11*I14Ix
IF(IX.6T.C(NXPT-l)/4.1-3)/2) 6O TO 5
X(I)SX( II)

IFMDI,).E.)XIm1.i.Rl

IF(MCD(k,2).EO.Oi )uI2*I4I
60 TO 6

5 X(I)=X(II-1)
IF(HOD(K,2).EO.0) X(I).I/2.*(I4RK2)

6 CONTINUE
Y(NNP)mD/2.+9/2.*RK2
X(NNP)=D/2.+3/2.SRKI

C DEFINE THE NODES OF THE ADDITIONAL ELEMENTS.

DO 7 IX-I,IXNAX

NPJ(N)=NPI(N)+l
7 NPK(ii)NNP-((NXFT=I)/4,1-2)4N-NI

N2xN
'XNAXUIXMAX-'
DO a IXsI,IXNAx

S NpK(")zNPJ(II)-l
NPI(NEL)xNNP-((NXPT-1 )/4)/2
NPJ(NEL )aNPI(NEL )+l
NPK(kL,)XNNP

22 CONTINUE

C CORRECT COORDINATES OF NODES ON MlESH PERIMETER FOR SMALL
C DISCREPANCIES.

DO 36 1-1,NNP
DIFFXxX(I)-l
DIFF '%afl )-l

IF(ADS(Y(I) ).LT.I.E-4)Y(I)oO.
IF(AlS(DIFFX).LT. I.E-41Z(l)sb

36 lFCAbSDbIFFY.LT.1.E-4)T(ImD

RETURN
END

SU&ROUTINE NODFV4

C SUIPROGRAM TO ikaWSFORM A WI&LULAR AkC TO A JOUNOuSKI AFROFOIL.



COKOOK /CNESI4I NEL,NNP,XtI5O),'ft15O),AI(27O),AJ(27O1,
*AIU270),bit270),BJ(270),SK(270),AREA(27O),NPI(270),
*NPJ(27O),NPK(270),NOUT,ILTY(270)

*/CKPAR/ NXPT,NYPT,A,l

C INPUT THE TOO ECCENTRICITIES.
* 1VPE 41
41 FORAAH INPUT TNE TUO ECCENTRJTJES:(2F)')

ACCEPT 51,X1,Yl
*51 FORNAT(2F)

XIMX14A
TYay1,

C INTRODUCE TRANSLATION OF AXES.
DO 1 Iml,*NP

C WYASS TRANSFORMIATION OF OUTER PERIMETER NODES.

*60 TO I

C INCORPORATE CIRCULAIION CORRELTION TO SAJISFY ICUTTA TRAILING
C EDGE CONDITION.

XL&X(1)
YL'Y(I)
PNIIzASIN(Y192./A)
R*SQRT (XL-0.5*D)*(XL-0.5*1)4

PNIxACDS( (XL-0.5*1I/R)
IF((YL-0.5*l).LT.0.)PHIw-PHI
PHIzFHI+PHIt*A/4a.2.)
ALzR*CO5(PMI 1/2.
YLnft*SIN(PHI 343/2.
AIlSiscT((.5*A)**2-Yl*Y1)-X1
Xlu(XL-.5e5-XI)IAI
ETAa(YL-.5*I-Yl)/Al

C INTRODUCE JOUKOVS(I TRANSFORJWAIION.
XJSTAaXIs(1 .. l./(XI*XICTA*ETA)
ETASTAETA*(.-l./(XI*XI*ETA*ETAI )

C REVERSE INITIAL TRANSLATION Of AXES.
IF((X(I1.NE.0.).A#I.(X(I).NE.3))

*X(l).AISXI$TA+.5.ItXt
IF((Y(l).NE.O.).AND.(Y(I).ME.B"j
Y (IJxAl*ElASTA+.5*1+Tl
CONTINUE

RETURN
END

SUIftOUTINE ELAICLA

SUBPRO61AN TO CALCULATE TNE ELEINENT AREAS AND UALITIES.

COMMON /CNESN/ NEL,NNP,X(5),T(1501,AI..270),AJ4270),
* A(270),3I(2701,IJ(270),N(2E,AEA(270,NPI(27@1,

/ CNPAR/ NXPT,NYPA,l

C CALCULATE T14E ELEMENT AREAS AUS DUA17IEb.
1O 30 NsI,NEL

IaNPJ(N*
J.pknP J . - -



Y2 Y (K )-l() I
X3wX(K)-X(J)
Y3mY(K)-Y(J)
SLl'SQkJ4Al*Al*Y1.Y1 2
SL2aSORT CX2*12*Y2*Y2)
SL3mS9R1 CX36X34Y3*Y3i
AREA(M)w(XlSY2-X2SY1 )/2.
ILTfnhsahREA(N)/(SL.SL2SL)ee2.*12..SRT(3.)
IF(AREA(N).BT.0.) 60 TO 30
TYPE 32,N

32 FORMAT(' ELEMENT ',15,' HA5 NEGATIVE AREA-)
STOP

30 CONTINUE

RETURN
END

SUBROUTINE MSHOUT

C SUBPROGRAM 70 URITE OUT THE GEOMIETRIC DATA FOR THE MESH.

COMMION /CNESHi NLL,NNF,,X(150),it15O),AI(270),AJ(270),
*AK(270),DI(270),DJC270),BK(270),AREA(27),NPtz/.,'u
* FJ(27 u,NPK(270),NOUT,QLTY(27O)

*/CNFAki NWPT,W(PT,A,3

IF(%OUT.EO.O) RETURN

C OUTPUT THE NUMBER OF ELEMENTS, NODAL POINTS AND COORDINATES.
TYPE 61, NLNP(,(tYU11UP

61 FORMAT(' GiGMETRIC DATA FOR THE MESH',II,
IO0X,'NUMBER OF ELEMENTS s',14,//,
IO0X,-NUNBER OF NODAL POINTS ml,14,/f,
*NODAL POINT COORDINATES',//,

.' I'1, XXIX'V,

c OUTPUT THE ELEMENT NODE NUMBERS AND AREAS.
TYPE i2, CM,NPIAR,aIjII),NPKI,),AREA(M),ULTY(N),MU1,NEL)

62 FORMAT(//,' ELLEmTi ADDE NUIIDERS,AREAS AND DUALITIES ,/
. M,4X,'1',4X,-J',4X,'K-,6X,'AREA',?X,'OUALITY-,/,

.(1X,4I5,IX,E12.4,4X,F6.3))

RETURN
END

SUBROUTINE NPLOT2

c SUIPRO6RAM TO PLOT THE MESH.

COMMON /CMESN/ NEL,NNP,X(150),Y(150),AI(270),AJ(270),
*AK(270),11(2701,DJC270),DCC270),AREA(270),NPI(270),
*NPJ(270),NPKC2?O),NOUT,ILTY(27@1

*/CNPAR/ UXPT,NYPT,A,D

DIMENSION NT),N),u,
OFENCUIITff ,FILEm'MSNPLT.OUT')

c kEO~lICN P~gs.
CALL PLO7I,0.,S.,2)
SCALE. 10.

10 61 Ma1,NEL
NPOT(I)SNPI(m)



IPNT (2) .NPJ( N)
NPNT(3)mNPK(I)
NPNT(4)sNPI(M)
DO 71 I(z1,3
11uNPNI(K)
12=NPNT(K*1I)
XN(I)NX( 11)
IN(2) X (12)
XN(3)00.
XN(fla 1./SCALE

YN(2)=T(12)
TIC 3) ..
TN(4)u1 ./SCALE

L LIIECi VlfETIIER PAIR OF POINTS ARE TO DE JOINED.
IFLA6=O

CHECk 4iETHER PAIR OF POINTS LIES ON NLSH OVTER P LklhEIE .
IF(((XN(l).EO.O.).AND.(AN(2).EO.O.,).DR.

c CHECK UNETHER PAIR OF POINTS LIES ON MESH INNER PERIMETER.
IF((I1.LE.NXPT-1).AND.(12.LE.NXPT-1)) IFLA601

C JOIN APPROPRIATE POINTS.
IF(IFLA6.EG.I) CALL LIIE(1,XN,YN,2,1,0,46)

71 CONTINUE

C DIERMINE ELEMENT CENTROib COORDINATES.
IRNPI(M)
JxVPJ(MI

ALLC~(tX~I)*X(J)4N(K) )/3.)*SCALE

C DETERINE MURDIER OF DISITS IN 0.
NDN=-IIT(ALOOIO(FLOAT(fl) ) +!

C ADJUST ELEMENT NUhAER COORDINATES.
AXELCmXELC- . *FLOAT(NDM.1 )*.06
AYELC*YELC-.5e .07

C UNDER ELEMENT.
COLL NUIIIER( I,AXELC,AYELC, .O7,FLOAT(N) ,0.,-1)
X6TARxAXELC4FLOAT(MDIi s.06-.O3

C XSIARaXELC*FLIAT(NDN)*.06-.03
CALL UTNDOL(1,XSTAR,YELC,.07,42,G.,-!)

61 CONTINUE

C WRKIER NODES.
DO 51 Im1,N#NP
lA'I,.SCALE
TYRT(I JSCALE

51 C~loNtE
CLO5E(UfITaI ,FILEu"KSNPLT.OUT')
RETURN
Eva

bUDROUT1Nk STIFF

SIC SUDPROIA TO FORM INDIYIDL40L ELEMENT STIFFNESS MATRICES, AID



C ASSEMBLE THE OVERALL STRUCTURE STIFFNESS MATRIX.

REAL MU

DIMENSION IJK(3),DMAT(3,6),D(3,3),ESTIFF(6,6)

COMMON /CMESN/ NEL,NNP,X(tSO),Y(I5O),AlI270),AJ(27OI,
*AK(2701,,I(270),IJ(270),DK(270),AREA(270),NP1C270),
* bFji27O),NIPK(27O),NOUT,ILTY(270)

*ichpAR/ NXPT,NVPT,A3b
*/CSTIF/ SSTIFF(300,300),NPD1(50),NP12(50),U(15O),V(15O),

*FX(15O),FYdlSO),NlPI,Nlp2

c INPUT THE MATERIAL PROPERTIES OF THE ELEMENTS.
TYPE 27

27 FORMAT(' INPUT THE VALUE OF E AND NU:(2f)')
ACCEPT 37,E,Ou

.7 FORNAT(2F)

DO 50 Iul,2*NNF
DO 50 J&1,2*NNP

50 SSTIFF(I,J)uO.
C SET UP OVERALL ASSEMBLY LOOP.

DO 20 nai,WEL

C COMPUTE THE ELEMENT GEOMETRIES.
IZNPI(M)
JBNPJ(HI)
KuNPK (M)
AI(m)u-X(J)*X~i)
AJi u-I(K) 41(1)
AK0)-tI)#X(J)

lJ(M)sY()-T(I)

C $W0E TH&. ELEMENT NODE NUMBERS IN ORDER IN ARRAY 13K.
IJX(I )uNPhN,)
IJK(2)=NPJ(N)
IJK(3)=NPK(m)

C FORM THE ELEMENT DIMENSION MATRIX, BMAl.
30 7 IREat,2
DO 7 ICLml,6

7 IMAT(INE,ICE)uO.
IMAT(l,I)mlI(M)
BKAT(1I,3)x3j(N;
INAT( 1,5)a&K~h;

lftAT(2,4)xAJ(ft)
ANA70,6)mAE(M)
30 1 I&EsI,6
IF(NOl(1CE,2).EI.O) DMAT(3,ICE).mlAT(l,ICE-1)

a IFfNMOICE,2).EI.l) fNAH(3,CE)wIMAT(2ICE.1)

C FORM THE ELA~iIC fiiPERTY MATRIX, D.
30 9 IRE*1,3
30 9 ICEuI,3

9 §(IRlE,IC~iuO.
FACTsE/U1I.##U)0(1.-2.SNU))
6(1,1 iFACTW(.-NU)
9(1,2)FACT*NU

f(3,3)mFACrs.*(1.-2.**U)



C FORM IRE ELEMENT STIFFN4ESS MATRIX, ESTIFF.
10 10 1=1,6
Do 10 JX1,6
ESTIFF(I,J)&O.
30 10 Lxi,3
30 10 K2s1,3

10 ESTIFFI I,J)sE6T1FF(1,J)*3M4AT(L,,I)*I(L,K)e3MAT(K,J)*.25JAREA(M)

C CONSTRUCT OVERALL STRUCTURE STIFFNESS MIATRIX, SSTIFF.
* 30 2v IRE=I,3

30 20 ICEul,3
IROU=IJK( IRE)
JCOLmIJK( ICE)
SSIIFFISIROU-1 ,2*ICOL-1 )2SSTIFF(2*EOf~U-1 ,2*u1COL- 1)

* ESTIFF(2*IRE-I,2.ICE-1?
SSTIFF(2elROe-l,2.JCOL).SSTIFF(2IRII-I,2SICOL)

**ESTIFF(2*IRE-1,2ICE),
SSTIFF (2s1R04i,2ICOL-1 ):SSTIFVL2*OIROU,2*ICOL-1 I

* ESTIFF.2*IRE,2.ICE-1 i
SSTIFF(2*IROU,2*ICOL,:SSTIFF(2IROV,2ICiL)
+ ESTIFF(2*IRE,2.ICE)

20 CONTINUE
TYPE 5000

5000 FORNAT' STIFF EXECUTED')
RETURN
END

SUBROUT INE STFOU1

C SUIPRO6RAN TO OUTPUT STRUCTURE STIFFNESS MATRIX.

COMMON /CMESH/ NEL,NNP,X(15O),Y(150),ABZ7O,AJ% 270l,
*AKt270),3I(270),bJ(270),BK(270),AREAtiO,ki'270i,
* PJ(270),NPE(270),MOUT,ILTY(27@)

*/CNPAR/ hJAT,WYPT,A,b
* CilF' SSTIFF(300,300) ,NPU1(5O),NP32(50),U(150),Vt l5vi,

*FA(150),FY(15*),NlP1,NDP2

TftP 61
61 FOMNAT( INPUT 7NE 6LOIAL STIFFNESS MATRIX OUTPUT CONTROL',/,

-PARAMETER 0I IF THE ENTIRE STIFFNESS MATRIX iQ RE TYPED -,/,
OUT, 0 IF NONE OF THE STIFFNESS MATRIX TO DE TYPED IUT)t(!)I'

ACCEPT 71,KOUT
71 FORNAT(i) ~ IFESMTI'

IF(KOuT.EO.O) RETURN

50 TYPE 50
50 FURATii,' LDLSiFE MTI'

30 1 z,*P
TYPE 15,1

15 FGANiAT(/, kbU 1~41
ill iu,lSSlIFF(I,J),JwI,2*NNP)

10 f~IEMATi6Fl2.hj
I LadliAUE

RETURN

SU3&OUTINE INEkT

C SUIPROORAN TO CALCULATE THE INERTIAL FORCE PER ELEMENT, AND
C 9ISTRIOUTE IT AN0ST THE ELEAENTAL "DI~ES.

COMMON /CNESN/ EWOOl0,A(0,A20,

* E20,i(2*,3(7OU2O)AEA2ON2l,_



FXC130),FY4150),N#PI,WSP2

iChuTL/ RD

DIMENSION NPNT(4)

ou 56 IS1,omt

VY(d).O.

D0 41 h-i,NEL

MPNTC2)*NPJ(N)

OPOT(4).NPI(M)
FE~uO.
FEY&O.
bii al X21,3
ltuNI'NT(K)
I2aNPNT(K+1)

D2aU( 12)-U( Ill
D30(V11)
D4.U( 121-V(Il)
RLIsX(12)-X(II)
RL2xY(I2)-YU1I)

RNXsRL2/RL
RNYs-RLI/RL
FEXsFEX4RO*RL*(Dbe( (Dl4D2)*RNX4iia..5*D4)*Rkui'l2.iD2*RNX/J.

*R*NX+94*RNY/3. ))
91 CON71NUE

30 31 I(.1,3
IlmNPNT(K)
FX(11 luFX(I1 )-FEXI3.

41 CONTINUE

RETURN

END

SUDRDI)TIUE DES

C SIIIPR06RAN TO APPLY THE BOUNDARY CONDITIONS.

COMMON /CIIESMI ENI5)rI5)A2O)At7,
* A(270),II(2703,DJ(270),DK(27O),AREA(2)O),NPI(270),

*/CNPAR/ NXPT,NYFI,A,b

*FX(15O),FYdISO3,NlPl,Nl?2

c STORE NUMBERS OF NOIES ON INNER MlESH BOUNDARY IN ARRAY P31, AND
C aET CORRESPONDING VELOCITIES TO ZERO.

160
D0 10 Na1,NXPT-1

I0 Y(N)SO.

C MEO~ %Ull Of NOME Of OUIhk NESuw 66UWDAko 10 AWAY NP12, AND
C SIT CORRESPONDINS VELOCITIES TO UiNITY.

ISO



DO 20 Nzl,NNF

0O20

20 CONTINUE
MBP2zI

RETURN

END

SUBROUTINE ELIMII(A,X,MEAN,NRDU,NCOL,DET,AMEAN)

C SUBPROGRAM FOR SOLVING SIMULTANEOUS LINEAR EQUATIONS DY GAUSSIAN
C ELIMINATIOii UITH PARTIAL PIVOTING.

DIMENSION A(NROU,NCOL),X(NROU)
DDUiLE PRECISION SUN

NEGNmME0M
IF(NEON.LE.NROU.ANiD.NEON.LE.NLOL-i) 6~u TO 1
WRITE(6,61 I

61 FORNAT(33HOSIOP - DIMEN51ON kik Iof ELIriIN)
STOP

C FIND hEAN COEFtICIENT MAGNITUDE.
AMANie=O
DO 2 1.1 ,NEIN
DO 2 Jul ,NEIN

2 AMEANwANEAN+ABS(A(1,J))
AMEANzAI1EAN/FLGlT (NEgA*NEON)

c COMMENCE ELIMINATION PROCESS.
JNAXzNEON* 1
NEINNI uNEQN- 1
B0 6 IE#Nzl,NERNMI

C SEARCH LEAD106 COLUIN OF THE COEFFICIENT MATRIX FROM THE
C DIA60NA. SOVNVARIS FOR THE LARGEST ELEMENT AND MAKE THIS THE
C PIVOTAL ELEMENT.

ININ=lEGNti
lMAX&JEQN

Do 3 I*IhINNLVN

IF(LHAX.EG.YEINI 60 10 5
DO 4 JuIEIN,JMAX
AA&A( IE@NJ)
W(EGN,JI)WINAX,J)

4 A(INAX,J)xAA

C ELIMINATE zdINI FROM EQUIATIONS (IEW.1) TO NEON, FIRST TESTING
C FOR NONZERO PIVOTAL ELEMENT.
5 IF(ADS(A(IEIN,IEGN)/AMEAN).LT.1.E-I) SO TO 10

90 6 l1MJN,NEAN
FACIxA% I,IEQN)iA(IEUN,IEON)
N0 6 JININ,JMAX

6A(l,J~aA(1,J)-FACT*6(IE9N,JI

C SOLVE THE UPPER-711ANGilLAR SET OF EQUATIONS It DALk
L GUISTITUTIGN.

IF(AIS(A(UESN.NE~ONI/AEAN).Li.I.E-I) GO TO 10
X(NUONI.A(NCSN,JNAXI/A(NEIN,hEN)
80 1 Ls2,MEIN
ImNEQN'1-L



SUN-A(I,JMAX)

DO0 7 j=IP1,NEON
7 SUN:SUII-A(I,J)*X(J)
a X(I)=SUM/A(1,I)

C EVALUATE DETERMIINANT OF COEFFICIENT tiATfili AND CGMPARE UIN
C ORIGINAL COEFFICILNTS.

DETAwl.
DO0 9 I:1,NEON

9 DETA2DETA*A(I,I)

DETuDETA

TYPE 72
72 FORftATC ELIMIN EXECUTED")

RETURN
10 DET=O.

TYPE 66
FORhAlt' ELIIIIN NOT EXECUTED')
REI stt
ENDe

SU&ROUTINE FEAOUT

C SUIPROGRAh TO STORE THE SOLUTION DATA IN OUTPUT DATA FILE.

COMMON /CMESH/ N#EL,NNP,X(15O),Y(150),AI(270),AJ(270).
*AK(27O),II(270),BJ(270),BK(270),AREA(270,PI(270,
N PJ(270),NPIC(270),ItOUT,ULTY(270)

*/CMPAR/ NXPT,NYPT
*/CSTIFi SSTIFF(300,300),NPI(5O),NPD2CSO) ,U(1501,Y(1503,

*FX(15O0,FYiU50i,NlP1,NUP2

0PEN(UNIT*3,FILEn'FENUT.DAT',ACCESS'APPEND')

11 FGRNAT(//,' MODAL FORCES AND VELOCITIES',//,

*(X,15,4012.4))

CLOSE(UNIT=3,FILEa'FENIOUT.DAT')
RETURN
END

SUDROUTINE OUTPUT

C SUIPROGRAM TO OUTPUT THE SOLUTION DuATA.

COIWnN /CMESH/ NEL,NNP,X( 150) ,Y15O),AI(27O) ,AJ(270),
" AN(270),3I(270),3J(270),3K(270),AREA(270),NPI(270,
" NPJ(270),NPK(270),MOUT,QLTa(270i

/ CNPAR/ NXPT,NrPT
*/CSTIF/ fpTIFF(30O,3OO),NP315),P32(5h,Uil5O),Y(150),

* FXC150),FY(150),NBP1,NBP2

- ~TYPE ,(IX),F(I,(I,(1,. MP
11 FOIMAT(//,' NODAL FORCES AND VELGLITIES',//,

. N' ,6X,'FX',IOX,'FY',1 IX,'U',tlX,VY',/,
*(X,15,4E12.4))

RETURN
END

SUWko .1NE SULPLT -4



L SUBVROGRAM TO PLO1 THE MODJAL VELOCITIES.

COhmuN /CMESN/ NEL,NNP,X(15O),Y(I5O) ,AI(270),AJ(270),
*AK(270),LI(270),DJ(270),hkO,0,AkEAt27U,,NPI(270),
*NPJ(270),NPK(2701,NOUT,GLTi2iuJ

*/CMPAR/ NXPTNIPTPA,l
* /CSTIF/ SSTIFF(300,300),NPR1(50),NPB2(50),U(150),V(15Oi,

*FX(150),FY(150),NDI,NDP2

DIMENSION XVECT(4),YVECT(4),XN(4),YNC4)
OPEN CUNITa2,FILEw'SOLPLT.OUT')

C REPOSITION PEN.
CALL PLOTC2,O.,5.,2)
SCALE=1O.

110 1 Il1,NNP

C COMPUTE VELOLlrY VECTOR COORDINATES.

XVECT(2)%X(I)+U(I)/20.
XVECT(3)%0.
XVECT(4):1 ./SLALE

YVEC1(4)a1 ./SCALE

C PLOT VECTORS.
CALL LINE(2,XYECT,YUECT,2,1,O,46)
XNODE=XVECT(1 )OSCALE
YNODEzYVECT(1 )*SCALE
CALL SYNDOL(2,XNDE.YNODk,.O7,4,O.,-1)

I CONTINUE

C PLOT AEROFOIL.
30 51 1-1,NXPT-2
XN(tJCX(I)
XN(2)uX(1*1 )
XN(.si&o.
XN(4)*t ./SCALE
YN(1 I=Y(I)

YN(3)20.
TN(4)zl ./SCALE
CALL LINE(2,XN,YN,,,,46)

51 CONlINUE
Xii .A(NXPT-1)
XN(2)xX( 1)
TN(1 )zY(NXFT-.,
I(2)*Y(I)
CALL LINE(2,XN,YN,2,I,0,4d)
CLOSE(UNITz2,FILEz'SOLPLT.6lUTi)

RETURN
END
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